We present a nonperturbative method for calculating the time-dependent many body wavefunction that follows a local quench, and we use it to find the exact time evolution of the nonequilibrium Kondo model driven by a bias voltage. We show that the long time limit (with the system size taken to infinity first) of the time-evolving wavefunction is a current-carrying nonequilibrium steady state. We find a series expression for the steady state current; it agrees with standard leading order results in the usual weak antiferromagnetic regime and exhibits a new universal regime of strong ferromagnetic coupling, with Kondo temperature TK = De 3π 2 8 ρJ . In this regime, the differential conductance dI/dV reaches the unitarity limit 2e 2 /h asymptotically at large voltage or temperature.
Introduction.-The Kondo model, in which a localized spin interacts via spin flips with one or more reservoirs of electrons, has long been a source of new ideas in theoretical physics and a testing ground for new methods. Starting in the late 1990s, experimenters realized the model in quantum dot systems: a small number of electrons are confined to a nanoscale region, a single unpaired electron acts as the localized spin, and two attached leads serve as reservoirs [1] [2] [3] [4] . These systems can be precisely controlled in ways that solid state systems cannot, allowing for the exploration of nonequilibrium quantities, such as the electric current through the dot driven by a voltage drop across the leads. This nonequilibrium physics been studied by a variety of theoretical approaches, both in the Kondo model itself [5] [6] [7] [8] [9] and in the more general Anderson model [10] [11] [12] [13] [14] [15] [16] [17] .
Prior work has focused on the regime of weak antiferromagnetic coupling, in which physical quantities measured at energy scales much smaller than the bandwidth are universal functions governed by an emergent scale: the Kondo temperature T K . We show below that the strong ferromagnetic regime is also universal, with its own T K .
One way of probing nonequilibrium physics is a quench: a protocol in which an eigenstate of one Hamiltonian is evolved in time by a different Hamiltonian. The steady state electric current in the nonequilibrium Kondo model can be calculated via a quench, provided that one takes the limit of infinite system size so that the leads serve as thermal baths (see [7] ). The initial state consists of a free Fermi sea in each of the two leads, with the applied voltage appearing as the difference in chemical potentials; the quench consists of evolving this state by the full Kondo Hamiltonian (see Fig. 1 ).
In this Letter, we present an exact and nonperturbative solution of this time evolution problem. We use a new method we have developed for calculating the wavefunction following a local quench, which also applies to other quantum dot problems and may have wider applicability [18] . We then calculate the steady state current and explore a new strongly coupled universal regime of the Kondo model. Prior to t = 0, the leads are filled with free electrons, with no tunneling to the dot allowed. From t = 0 onward, the system evolves with the many body Hamiltonian H, with tunneling to and from the leads resulting in an electric current.
With universality in mind, we study the two lead Kondo model in the flat bandwidth limit:
We work at zero temperature for now, but later generalize our calculation of the electric current to allow both leads to be at arbitrary temperatures. Formally, the time-evolving wavefunction following the quench at t = 0 is:
where |a 0 is the impurity spin, and where the momenta k j encode the bandwidth D and the applied voltage V via the requirements k
. Below, we present our exact solution for |Ψ(t) and our results for the current; see [18, 19] for further details.
Solution of the quench problem.-The time-evolving wavefunction is a sum over all subsets of the N = 2(N 1 + N 2 ) quantum numbers γ 1 k 1 a 1 , . . . , γ N k N a N . Each subset of these quantum numbers is assigned to a "crossing state" built from products of the scattering T -matrix for a single electron crossing the impurity (with no Fermi sea present), while the remaining quantum numbers are assigned to free plane waves. The T -matrix consists of a spin-preserving term and a spin-flipping term:
For example, let us suppose the first three quantum numbers are chosen, i.e., (γ 1 k 1 a 1 , γ 2 k 2 a 2 , γ 3 k 3 a 3 ). The corresponding crossing state is:
where the "even" operators are ψ eb = 1 √ 2 (ψ 1b + ψ 2b ). (Note that the crossing state is built from even operators and vanishes if any x j is outside the forward "light cone" (0, t); this is to be expected because the interaction term in (1) is built from even operators and the spectrum is linearized.) One contribution to the wavefunction |Ψ(t) consists of this crossing state multiplied by free plane waves [20] for the remaining quantum numbers -i.e.,
The full wavefunction is a sum of all such terms ( Fig. 2) :
where the crossing states generalize Eq. (4):
We have verified that |Ψ(t) satisfies the time-dependent Schrodinger equation for 0 ≤ t < L/2 with the correct initial condition. The case of larger t is not of interest as then the quench would explore the (artificial) periodic boundaries. We also have the solution of a more general model with a magnetic field on the dot, anisotropic Kondo interaction, and potential scattering. The current.-Using our exact expression for |Ψ(t) , we proceed to calculate the average electric current, which can be defined in two equivalent ways:
is normalized to unity). We confirm that both yield the same answer.
Using Wick's Theorem, we bring the N -particle current to a form in which it is clear to how to take the thermodynamic limit, which turns sums over momenta into integrals involving the Fermi functions n γ (k) ≡ 1/(e (k−µγ )/Tγ + 1) of the leads (γ = 1, 2). This yields a series expression for the current:
where:
with S b1b0 a1a0 ≡ δ b1 a1 δ b0 a0 −iT b1b0 a1a0 [21] . The spin sums W (σ) (J) depend on J through the rational functions that appear in the T -matrix (3). The nth term of the current series (5) is of order J n+1 as J → 0 and (for n ≥ 2) of order 1/J n+1 as |J| → ∞ ; this means that the series applies for both weak and strong coupling.
We focus on the steady state current I(T 1 , T 2 , V ), which we can obtain in two different ways: we can take the infinite time limit of the time-evolving current (5) (recalling that µ 1 = 0 and µ 2 = −V ), or we can evaluate the current operator in the nonequilibrium steady state (NESS) which is the result of taking the long time limit (with the system size always larger) of |Ψ(t) . We have found this NESS explicitly and verified that it is a solution of the Schrodinger equation with the boundary condition of incoming plane waves with the quantum numbers of the two Fermi seas -that is, it is a many body Lippmann-Schwinger scattering state. Furthermore, the NESS can be found directly using a time-independent version of our formalism, which may useful in models in which the full time dependence is too complicated.
Steady state-A basic question in quench problems is the existence of the steady state limit of observable quantities, such as the current: I steady state (T 1 , T 2 , V ) = lim t→∞ I(T 1 , µ 1 = 0; T 2 , µ 2 = −V ; t). We have shown [18] that the existence of the long time limit of our series expression Eq. (5) reduces to a certain spin sum identity, which we have verified by direct evaluation for n = 1, . . . , 7. This shows explicitly that the series converges in time up to and including the J 9 or 1/J 9 term, with convergence to all orders expected based on extrapolating the identity to all n. Our results complement those of Doyon and Andrei [7] , who showed that the Keldysh perturbation series for the current converges in time to all orders in J.
We proceed to investigate the steady state current in the scaling regime, in which the bandwidth is much larger than any other scale. We consider arbitrary (T 1 , T 2 , V ), then the following special cases:
and the thermoelectric current I steady state (T 1 , T 2 , V ).
We express our answers in terms of g ≡ ρJ = 1 2π J. First, we review what is expected. In the regime of weak antiferromagnetic coupling, the perturbative renormalizability of the Kondo model constrains the steady state current to the following form at large bandwidth:
where the coefficients a nm depend only on the ratios T 1 /V and T 2 /V . (This is shown in a very general setting by Delamotte in [22] .) This scaling form should satisfy the Callan-Symanzik equation D ∂ ∂D + β(g) ∂ ∂g + γ(g) I scaling form = 0, which is a differential form of the statement that all UV divergences can be absorbed by using a running coupling constant and rescaling the current operator.
The solution to the Callan-Symanzik equation takes the form I scaling form (T 1 , T 2 , V ) =
where the g-dependent scale factor goes to unity in the scaling limit provided that γ(g) starts at the same order or higher in g as β(g). (Such a scale factor has been seen before in the Kondo problem; see Ref. [23] .)
Our calculation indeed produces a scaling form:
where C 1 , C 2 , and C 3 are known functions [19] ; we have taken V > 0 here, but the special case V = 0 leads to a similar result. The Callan-Symanzik equation holds, with leading order results β(g) = −2g 2 (which is the standard answer, leading to T K = De −1/(2g) [24] ) and γ(g) = −32g 2 . For V ≫ T K and T ≫ T K , we find G(V ) = 3π 2 16 G 0 / ln 2 (V /T K ) and G(T ) = 3π 2 16 G 0 / ln 2 (T /T K ), where G 0 = 2e 2 /h is the unitarity limit of conductance; these agree precisely with the literature [5] . The higher order terms in our results are given in [19] ; the next order of the beta function differs by an overall constant relative to the lattice cutoff scheme. The thermoelectric current I(T 1 , T 2 , V = 0) is zero up to and including the highest order terms (g 5 , or the equivalent of three loops).
Universal strong ferromagnetic regime. Our approach also reveals a new universal regime of the Kondo model: strong ferromagnetic coupling (g < 0, |g| ≫ 1). We note that there are several proposed mesoscopic realizations [25] [26] [27] of the weak ferromagnetic model; it may be possible to realize the strong ferromagnetic model by modifying these proposals to use the charge Kondo effect [28] .
For strong coupling of either sign (|g| ≫ 1), we obtain the following scaling form at large bandwidth:
where C 1 and C 4 are known functions of the ratios T 1 /V and T 2 /V . Here, even the leading log terms require the full Callan-Symanzik equation with an anomalous dimension γ(g) associated with the current operator. In the case of equal lead temperatures (T 1 = T 2 ), we find β(g) = − 8 3π 2 1 + 32 9π 2 g + O 1/g 2 and γ(g) = 256 27π 4 g 3 1 + 56 9π 2 g + O 1/g 2 , and the following Kondo temperature for this regime [29] :
Notice that we can take the scaling limit D → ∞, g → −∞ with T K held fixed, indicating that the strong ferromagnetic regime is universal.
In the high energy regime (T ≫ T K or V ≫ T K ), the running coupling constant is large and negative, and we find: 
+ 8 ln 2π
e 1+γ = − 32 9 ln 27π 6 512 . The unitarity limit is reached asymptotically at large voltage or temperature.
Discussion.-We provided an exact, explicit solution for the time-evolving wavefunction in a many body problem, and found the corresponding NESS in the long time limit. We obtained a series expression for the current which can be expanded either for weak coupling or strong coupling, and used it to explore a new universal regime. To see the predicted rise of the conductance towards the unitarity limit, one would need a hierarchy of scales
where E max is the lowest energy scale at which the Kondo model is no longer an accurate description of the system.
We have the following picture of the RG flow in the strong ferromagnetic regime. Starting at the unstable fixed point g R = −∞, the running coupling g R becomes smaller in magnitude according to g R = − 8 3π 2 ln T TK (at leading order). As T approaches T K from above, |g R | becomes too small for our calculation to be valid. We expect, though, that g R continues to flow to the stable fixed point g R = 0 − without any other fixed points in between (much like the corresponding antiferromagnetic flow from g R = 0 + to g R = ∞). The ground state of the system would flow from a triplet at high energy, with entropy ln 3, to a free spin at low energy, with entropy ln 2.
It would be interesting to see if our general method for calculating local quenches can be useful in a wider class of problems. The usual signatures of integrability in the Kondo model, such as the Yang-Baxter equation, do not appear in any obvious way in our calculations.
Ackowledgements-We are grateful to Chung-Hou Chung, Garry Goldstein, Yashar Komijani, Yigal Meir, Andrew Mitchell, Achim Rosch, and Hubert Saleur for helpful discussions, and to Sung Po Chao for comments on an earlier draft. We have benefited from working on related problems with Huijie Guan, Paata Kakashvili, Christopher Munson, and Roshan Tourani. This material is based upon work supported by the National Science Foundation under Grant No. 1410583.
